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STEP 3 Algebra: Solutions

1 Base Case Letting n = 1 we have:
(Tn(2))? = Tpo1(2) Toya(2) = f(z)
(T1())* = To(x)Ta(z) = f(x)

Which is true for the given f(x), hence the result is true when n = 1.

Inductive Step Assume the result is true when n =k, i.e. we have:
(Tr(2))? = Th-1(2) Trp1 (z) = f(x)
Now consider the LHS when n =k + 1.

(Ths1(2))” = Th(@) T () = Thya (2) (20Th(2) = Th 1(2)) = Te(@) (20T (@) — Ti(a) )

= 20Ty by TR (@) — Thoyr () Th 1 (2) — 22T4layFri(@) + (T(x))?

= (Ti(@))* = Tho1(2) Ths1 ()
= f(z)

The first line makes use of the result (%) when n = k and when n = k + 1.

Hence if the result is true for n = k then it is true for n = k£ + 1 and as it is true for n = 1
it is true for all integers n > 1.

If f(z) = 0 we have (Tp(2))? = Tp_1(2)Thy1(z) = 0 for all n > 1. As long as Ty (x) and
T,—1(x) are both non-zero we can rearrange to give:

Tni1(z) Ty ()

To(z)  Tp_1()

This implies that:

T, (z) Th-1(x) _ Tq(x) ~ (a)
Tn,1($) Tn,Q(ﬂf) To(l‘)
And we have:
Tn(a:) Tn_l(.%') Tl({L')
Tp(x) To1(@) < Toa(2) X ... X To(@) x To(z)

— (x(2))" To(x)

Substituting this into () gives:
(r(2))"" To(2) — 22(x(z))" To(z) + (r(x))" ' To(z) = 0
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Since we are told to assume Ty(x) # 0 we can divide by Ty(x) to get:
r(z)" 1 ( (r(x))? — 2z x r(x) + 1> =0.
This must hold when n = 1, so we have:
(r(z))* =2z xr(z)+1=0.

Solving the quadratic gives:

_21‘:&\/4:62—4
=
=z+vVa2-1

giving two possible expressions for r(x).

r(x)
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2 Looking at the RHS we have:

sin (7’ + %) 0 = sinrf cos %9 ~+ cos rf sin %9 and

sin (r — %) 6 = sinrf cos %9 — cos rf sin %0

Then subtracting the second from the first gives:
sin (r + %) 0 — sin (r — %) 0 = 2 cosrfsin %9

as required.

If
cosabl + cos(a+1)0 + - - 4 cos(b —2)0 + cos(b—1)0 =0

then
2sin %Q(COS af + cos(a +1)0 + - - - + cos(b — 2)0 + cos(b — 1)9) =0

i.e. we have:
[sin(a—l—%)@—sin(a—%)@}—|—{Sin(a+ ) —sm(a+ ) }

+ [sin(b—%)ﬁ—sm(b—ﬁ)e} [sm(b %)0—5111(() %)9} =0.

After cancelling we are left with:

sin(b—%)&—sin(a—%)&zo.

It would be good if we could write this as a product, using a similar formula to the one
shown at the start of the question.

Consider sin A — sin BY. This can be written as

sinA —sin B = sin (l(A—I—B) (A - B)) — sin (%(A%—B)—%(A—B))
= sini(A+ B)cos3(A— B) +sin3(A — B)cos 3(A+ B)
—sin3(A+ B)cosi(A— B) +sin3(A— B)cos3(A+ B)

=2sin 3(A — B)cos 1 (A+ B)
Using A = (b— )0 and B = (a — 1)0 gives:
sin(b—l)ﬁ—sin(a—f)H—O
— 2xsing(b—a)f x cos3(b+a—1)0 =0

This means that the solutions are:

$(b—a)f =nm or
1 _ @2n+ D)
Lo+a—1)0 = 0
In the year that this question was set the formula for sin A — sin B was given in the accompanying formula book.
&7
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Draw a sketch to convince yourself of these general solutions for sin ¢ = 0 and cos ¢ = 0!

An alternative approach is to use sin A = sin B if and only if A = B+2nm or A = 71— B+2nm.
Draw a sketch to convince yourself why this is true!

However, we did multiply the original equation by 2 sin %9, which introduced solutions of the
form @ = 2mm. These do not solve the original equation cos af + cos(a + 1)0 + - - - + cos(b —
2)8 + cos(b — 1)8 = 0, as all the cos terms will be equal to 1, so we need to remove these
“solutions”.

The solutions to the original equation are:

2
%(b—a)&znwﬁ@zbnw for n # k(b —a) and
—a
2n+ 1)w 2n+ 1)
1 -1 :(7 =t )7
5(b+a—1)0 5 = 0 —

STEP 3 Algebra: Solutions 4 %


https://maths.org/step/

UNIVERSITY OF
) CAMBRIDGE maths.org/step

3 (i) Repeated use of difference of two squares will give:
(1—-2)(1+=x) (1+x2) (1—|—x4) ...(1—{-302”) = (1—m2) (1+$2) (1+x4)...(1+x2n)
(1 —x ) (1 + 2? )
(1 — g2 ) (1 + 22 )

1 2n+1
=1—=x

Rearranging gives:

1=(1-2)1+z)(1+2%) (1+a2?) ... (1+22") +22"
antl
n T
1_x:(1+x)(1+x2) (1+x4)...(1+x2 )+m
Since |z| < 1, as n — o0, 22" = 0 and we have:
=) (e (1) (1)

o0
= H (1 + 22
r=0

Taking logs of both sides gives:

In <1ix> =In (11 (1+x2r)>

—In(l—z)=1In (1+x)+1n(1+x2)—|—...—|—ln(1—|—x2T)—|—...

n(l —x) Zln 1+x

The last part looks like it might involve differentiation. Starting with the last result
we have:

In(l—2)=-In(l+2z)—In(1+2*) —In(1+2") -

41 2w da®
dx 1—=z 1+ 1422 1424
1 1 21 43
l—x:1+1‘+1—|—x2+1+x4+'“

(ii) Comparing this part to the previous part (note the similarities in the denominators),
start by considering:

(1+a?+:c2) (1—96—1—352) (1—x2+x4) (1—1’4—1—3:8)...(1—x2n+m2n+l>

Expanding the first two brackets gives:

(1—1—:c+x2) (1—x+x2) = (1+x2)2—x2
=1+ 222+ 2% —2?
=1+2%+2*.
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In general we have:

2
(1 + JJQT + $2T+1) (1 — .’BQT + xQTH) = (1 + $2T+1> — ($2T)2

r+1 r+2 r+1
2 22 2

=142z

or+1

+

=14z —|—$2T+2

Using this we have:

(1—1—3:—1—1‘2) (l—x—l—xQ) (1—:62—1—334)...(1—332n—|—x2n+1> :1—1—3:2”“4—332”“.

and rearranging gives:

1

2 2 4 on gn+1 x2n+1+x2"+2
m:(l—x—i—x)(l—x +:z:)...<1—x +x )_ roTT

142+ 22

Since |z| < 1 as n — oo the last term tends to 0. We now have:

1 - !
- 1_ or 2'r+>
14+ x+a2 rl_[o< vt

Taking logs of both sides results in:

—1In (1 +:c+x2) = Zln (1 — 2% +$2T+1>
r=0

—Zln (1—$2T+.CC2T+1>

r=0
ln(1+x+x2) :—ln(1—$+az2)—1n(1—x2+x4)—ln(1—x4+x8)
—In(1-2®+2'"%) —...

ln(l—i-a:—i-xQ)

Then differentiating both sides gives:

1+ 2z - —1 4 2x —2x + 423 —4x3 + 827
4+z+22) (I—z+22) (Q—22+2%) (1 —a2t+28)
1—-2x 2 — 4z3 423 — 827

(1—z+22) * (1 — 22+ 24) + (1 — 2%+ 28)

Alternatively, you could replace z by 2? in the result In(1 — z) = — Yoreoln (1 + a;y)
from part (i), then use the difference and sum of two cubes formulae, a® — b® =
(a —b) (a* 4+ ab+b?) and a® + b* = (a + b) (a* — ab + b?), and subtract the part (i)
result before differentiating. Both ways are fine!

&
Ay

STEP 3 Algebra: Solutions 6 %


https://maths.org/step/

UNIVERSITY OF

CAMBRIDGE maths.org/step

4 (i) If ais a root of both equations then we have:
o> +aa+b=0 and (1)
o +ca+d=0 (2)

Evaluating (1) — (2) gives:

o= asa—c#0
a—c
Starting with the “if” part we have:
(b—d)? —ab—d)(a—c)+bla—c)?=0 divide by (a — ¢)?
b—d\? b—d
( ) a ( ) th=0
a—c a—c
and so x = —% is a solution of 22 + ax + b = 0. Substituting into the other equation

gives:

x2+cx+d_<b—d>2+c<_z—_ccz>+d
(a—c> + C—a)<—2:i>+a<—2__i>+(d—b)+b
[(a—c)2 (_Z:i>+b +(c—a) <_b_d)+(d—b)

M +M—+(d b)
0

Soz = —% is a solution of both equations.

Going the other way (“Only if”) if the equations have a common root, a then we have

a=——" Substltutlng into 22 + ax + b = 0 gives:
b—d b—d
(— > +a <—> +b=0 multiply by (a — ¢)?
a—c a—c

(b—d)? —alb—d)(a—c)+bla—c)?=0

Hence the equations have at least one common root if and only if
(b—d)? —ab—d)(a—c)+bla—c)®=0.

If we have (b — d)? — a(b—d)(a — ¢) + b(a — ¢)?> = 0 and a = c then this implies that
b—d =0 and hence b = d and the two equations are the same (therefore must have at
least one common root!).

If we have at least one common root, «, and a = ¢, then we have a® + ao +b = 0 and
a?+aa+d = 0 which implies that b = d and hence (b—d)?—a(b—d)(a—c)+bla—c)?> = 0
and so the result still holds when a = c.
oy
g
0
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If
(b—r)*—ab—r)(a+b—q)+bla+b—q)>=0

then letting d — r and ¢ — ¢ — b from part (i) shows that

2 +ar+b=0 and (3)

2>+ (q—b)x+r=0 have a common root. 4)

If v is a common root to (3) and (4), then it is also a root of = x (3) + (4), i.e.:
z(z®+ax+b) +2°+ (¢—b)z+r=0
e +br+a2t+qr—br+r=0
2?4+ (a+ )22+ qr+r=0

Therefore, if (b—7)? —a(b—7r)(a+b—q) +bla+b—q)* =0 then 22 + az + b = 0 and
23 + (a + 1)2% + cx + d = 0 have at least one common root.

If 22+ ar+b=0and 2° + (a+1)2? + gz +r = 0 have a common root o then we have:
o® +aa+b=0 (5)
&+ (a+1Da?+qa+r=0 (6)
Then considering (6) — a(5) we have:
a3+(a+1)a2+qa+r—a(a2+aa—l—b) =0
Qfg—i-(a—i-l)az—i-qoz—l—r—pf?—aaz—bazO
®+(g—ba+r=0

Hence the two equations 2% + az +b = 0 and 22 + (¢ — b)x +r = 0 have at least one
common root, and so by using the result in part (i) we have:

(b—d)? —ab—d)(a—c)+bla—c)?=
(b—7)?—ab—7)(a—q+b)+bla—q+b)?

letc=g—band d=r

0
0 as required.

For the last part, take a = %, q= % and r = %, and then we have:

(b—7r)*—ad—7)(a—qg+b)+bla—qg+b)*=0
OO YO E I RO RUTCIE RO

2
312 1532 53 _
b>+b0"—b+ 45 —3b°+30=0
3332 1 1 _
b> =5+ 30+ 5 =0
40° — 60> +b+1=0
One of the solutions is b = 1, so the others are given by 46> — 2b — 1 = 0, i.e.

bzzi\/ﬁz1i\/5
oy
e

8 4
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