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STEP Support Programme

STEP 3 Calculus: Solutions

1 We are given two useful formulae at the bottom of the question. Note that arcsinz = sin™! z.

For the first result we have:

i.su"csin <w+a> = ! X i <w+a>
dz x+b m de \z+0b
x+b X(x+b)f(x+a)
V(@ +b)? = (v +a)? ( +b)?
1 ><b—a

\/[(a:+b)+(x+a)][(x+b)—(x+a)] T+b

1 b—a
Jertatb—a) a+b

vb—a

= as required

(x+b)Va+b+2x

Note that the difference of two squares formula — A% — B2 = (A + B)(A — B) — has been
used.

Similarly:

d (x+b> 1 d (x+b>
—arcosh = X —
dx T+ a b\ 2 dx \z+a
(s2) -1
r+a (r+a)— (z+0b)
X 2
V(@ +b)2 = (z +a)? (x +a)

1 a—>b
= X

\/[(:c+b)+(x+a)][(x+b)—(x+a)] THa
1 ><afb
Vie+b+2z)(b—a) z+a
Vb—a
(z+a)Va+b+2x

For the two requested integrals start by looking at them and considering the similarities
between these and the derivatives found in the stem of the question. Looking at them
suggests that a = 1, b = 3 might be a good thing to consider (remember that b > a).

(i) Using a = 1,b = 3 in the second result found in the stem gives:

<;:J+FZ> :_(x+a)\/%
:c—|-3>:_ V3—1

z+1 (x4 1)VI+3+ 2z
1

(x+1)vV2+=x

—arcosh
dx

e
—> —arcosh
dx
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This is not quite what we wanted, so try a = 1,b = 5:

iaurcosh <x+5> = — o1
dz r+1) (z+1)/1+5+2z

2
T (x+1V6+2z
d z+5 V2
— —arcosh SE . S
dz % (:1;—1—1) (r+1)V3+zx

Therefore we have:

/1d:c——1arcosh <$+5) +c
(z+1)Vz+3 V2 r+1

(ii) Since part (i) used the second result from the stem, it is probable that this part will
need the first result. Take b = 3 and a = —1 to get:

ialrcsin <x+a> = b-a
da z+b)  (z+bVat+b+2r

d . <x—1) 3—(-1)
— —— arcsin =

dz x+3 (x+3)vV-1+3+2z
> B \/E

(x+3)vVr+1

- iarcsin r—1
dx T+ 3

Therefore we have:

/1dx— Lar(:sin (x—l) +c
(x+3)Vr+1 V2 z+3
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2 (i) cosha =5 (e*+e~%). This gives us:

1 1 1 )
dx = d
/0 2% + 2zcosha +1 /0 22 +x (e% + e ) + 1 z

1 1
:/0 Tt @ren

To use partial fractions we want to find A and B such that:

A n B 1 o
= i.
r+et xz+e ¢ (r+e?)(z+e?)
Alz+e™ )+ Bz +e) =1
Equating coefficients of x gives A = —B, and equating constants gives

1
e¢ —e=@ 2sinha

1 1 1 1 1 .
- = 1 —a -1 a
QSinha/O <x+e—a> <x+ea> ar QSinha[n(x+e ) n(w+e)]0
1 [ (z+e\]!
=5 In
2sinha | <x+ea >L
1 I 1+e @ e—a
=5 In —1In
2sinha | 1+ e ol
1L [ ((+e) x (e
=5 In
2sinha | (14 e2) x (e79)
= In {e” x

B = . The integral becomes:

2sinha | e T1
1
= 1 a
2sinha ()
a ed
= required.
2sinhag > TOAe

(ii) Starting in a similar way to part (i), we note that sinha = 3 (e® —e~®). This gives:

dx = d
/1 z? + 2zsinha — 1 v /1 22+ (e® —e=a) — 1 z

- /100 (z + e7) ix e
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Then using partial fractions gives:

& 1 1 ee 1 1
dox = — dx
1 (z+e?)(x—e9) 2cosha J; x—e® xz+e®

1 —Qa a o0
- QCosha[ln(xie )—ln(az+e )]1

1 [, [(x—e\]~
= In
2cosha | r+e* )|,
1 [ 1—e®
= —1
2cosha _0 n( 14 e ﬂ
1 1+e®
= In
2cosha | \1—e@
_ 1 -ln (1+4e%)e”
2cosha | et —1
1 e +1
= 1
2cosha ot n(ea—l>]

1 i | ea/2 _i_efa/Q
~ 2cosha @t et/2 — g—a/2

- 2colsha [a—i—ln (COth (%) )]
2colsha [a —In (tanh (%) ﬂ

For the last integral, start by using the same method as in part (i) again:

o0 1 oe 1
/ 1 5 dx:/ dx
o %+ 2x%2cosha+1 0 rr+a?(ev+e %) +1

o0 1
- d
/0 (22 1 ¢%) (22 e—a)

1 /OO 1 1
= — — dx
2sinha J, 22+e® 22 4e0
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1

1
Then, using the integral / -5 dr=— tan™! ({) + ¢! we have:
a“+x a a

2sinha L
1 [ a/2
sinha L

7T
2
ea/2 _ e—a/2
( 2sinha >
ea/2 _ efa/2

a/2 _

oy N

b | 3

e

e a/2
- 5 (ea/Q _ e—a/2) (ea/Q 4 e—a/2)

oo 1
B 5 /2 4 e—a/2

T
4 cosh %

"When this question was set this formula was in the accompanying formula book. If this question was set now
this formula might be given in the question (and since there is a lot to do in this question, I expect that the formula

would be given).
¢ @
N
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3 This looks as if integration by parts might be useful. Let I = [ mTI dz. We then have:

I:/lnxxldx
T

1
= [lnx xlnx} —/ X Inxdx
T
=(nz)> -1

Hence we have I = 3(Inz)? + ¢ and:
1
/ 2T e = ln a)?.

As a — oo, %(ln a)? — 00, so the area tends to infinity as a tends to infinity.

For the volume we have:
a /g2
V=mn —_— dx
1 X
2 -1]¢ ¢ 1 -1
:W[(lnx) X —x ]1+7['/ 2(lnz)— x 2z~ dx
1 X

a
= 7(lna)? x —a™! +7r/ 2(lnz) x 2% dx
1

| 2 a a1
:_7'[‘(11(1) +27r<{lnxx—x_1} +/ X:v_ldx>
a 1 1 T

Ina)? 1
BT VR B
a a 1
Ina)? 1 1
:_w(na) —QWM—QW*—FQ?T
a a a
_ 71_<2 B (Ina)? _ 2Ina 2)
a a a
Then as a — oo we have 2¢ — 0 and (lna) — 0 (and also 2 — 0). Hence the volume tends

to 2.

e  Note that the area under the curve is infinite, but that the volume obtained by rotat-
ing around is finite. This means that the shape could not be painted, but could be filled.

e  This seems rather short for a STEP question by today’s standards. Also, the result
that h‘Ta — 0 as a — oo is not completely obvious, and I would expect a modern day
STEP question to either give you this result or ask you to prove it.

Consider 1%” and let x — oo. Now let x = €Y, and so as * — oo we have y — co. So:
Inx .y
lim — = lim =
r—00 I y—o0 e¥Y
— | y
= lim
y*)OO1+y+ or + 3| +
1
= lim
y*“1+1+w+3pw~
=0
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In z)?
A similar argument can be used to show that lim (Inz) = 0, and can be extended to

show that lim
T—00 €T

for integer m > 1.

Inz A
Another way of showing that lim —— = 0 is to use L’Hopital’s rule. You are not
T—r00

expected to know this for STEP!
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(14+t)—t

1

t
4 Differentiating T+1 gives

Note that care would have had to be taken if the range of £ had included the vertical asymp-

tote when t = —1.

1
< 3

Hence we have
1+t

Now consider I,+1. We have:

Integration by parts gives:

1 n 1
t _ [4n 1 —nl n—1 1 —-n

(141t)2

1
Inlz/
T (

1+ t)n+1

t

(141)2
creases. Hence the maximum in the range 0 < ¢ < 1 is when ¢ = 1 and has value %

"
dt

tnfl

1
:/ X
o 14+t (141t)

1
1
< = ——dt =
2/0 (L+t)n

1 1
‘nzn+/0<

1
T T

Combining the two results we have:

1
We have I,41 — I, = — o

(In—l-l - In) + ([n - In—l) + -
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tnfl

tn—l

—dt
1+t)n

—n%‘h’n = Iny1
—7;14—171 <1iI,
31, < nin

and so:

In+1_IIZ_Z

0

n
Iny1 + Z
r=1

1

2

and so the function is increasing as t in-

dt

I,

1

r2"r
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We also have:
|
o t+1
1
= [m@ t]
)
=In2

I =

n

n
1 1
Hence I, 11 + Z o = In 2. This means that In2 = Z o + something positive.
r=1

r=1

n
1
For the inequalities first note that In2 > E prrt In particular, taking n = 3 gives:
r
r=1

L
In2 >
i ;TZT

12>1+1+1
n — — JR—
2 8 24

1
We also have I, < o and so:

n

1
In2 = E /r? + ITL—|—1
r=1

1

n
1
In2 S —
N <;r2”+(n+1)2”

Taking n = 2 gives:

| 1
In2 _
" <;r2r+(3)x22

m2 <ty d

NS5 T8 1

me <243 2

Heso1 a1y
17

In2 < —
n<24

And so we have % <In2< % as required.
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