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1 Preparation
(i) Completing the square on z gives (z + 1)+ y? = 1, so the centre is at (—1,0) and the

radius is 1.

(ii) First draw a sketch of y = 2* — 2 = x(23 — 1). This has roots at * = 0 and x = 1, and

you can show that that there is a minimum point when x = {’/% . Using the graph we

have z* — 2 > 0 when z <0 or z > 1.
For the second part, sketch y = —z? — % This crosses the z-axis at x = —1 only, is
asymptotic to the y-axis and has a stationary point at z = ¢ % (when y is negative).

Using the sketch we have —z? — 1 > 0 when —1 < z < 0.

T

(iii) You should have a diagram looking something like the one below:

Note that 42 = z — 1 includes both y = v/z — 1 and y = —/z — 1. You can find some
more on sketching graphs of y? = f(x) in the STEP 2 Curve Sketching module. For the
second and third graphs the gradient tends to infinity as = tends to 1 (from above).
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2 The STEP 3 question

(1)

(ii)

Substituting in z = x 4 iy gives:

(z +iy)* +p(z +iy) +1=0

22—+ 2xy +pr+piy+1=0

Real Part: 22—y 4+pr+1=0
Imaginary Part: 2cy +py =2z +p)y=0

Taking the imaginary part then either y = 0 or p = —2x. Taking y = 0 in the real
part gives:

P —pr+l1=0 = p=-— for x £ 0

2 +1
e

Therefore we either have p = —2x or p = —

If p = —2x then the real part equation becomes 22 — 3% — 222 + 1 = 0 which becomes
22 +y? =1, i.e. a circle radius 1 centre (0,0).

2
1
If p= _r then we have y = 0, which is the z-axis with the point (0,0) excluded
T

since we cannot have z = 0.

Here we have:

plz+iy)® + (z +iy) +1 =0
pr? — py? + 2pizy +z +iy+1=0

Real Part: pr —py* 4+ +1=0
Imaginary Part: 2pxy+y=2zp+1)y=0
. . . . 1 . .
The imaginary equation gives y = 0 or p = ~on Taking these in turn:
T
o . 2?41
Substituting y = 0 into the real part equation gives pa? + 2 +1=01ie. p= -
x

This means that we cannot have x = 0, so the locus of this case is the real (x) axis
with the origin excluded.

1
Substituting p = 0w into the real part equation gives:
x

I 5 1 4
- — 1=0
23:35 +2xy + x4+

—x2—|—y2—|—2x2+2x:0
%+ y2 +2x =0
which is the equation of a circle centre (—1,0) and radius 1. Since p = —i we need
to exclude the point x = 0, which again is the origin.
O
Jer
L

Don’t forget to sketch the loci!
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(iii) In this last case we have:

plz+1iy)? +p*(z +1iy) +2 =0

pr? — py? 4 2pizy + pPx + Pty +2=0

Real Part: pr? —py® 4+ p?r+2=0
Imaginary Part: 2pry + pPy = (22 + p)py = 0

The first thing to note is that the real part equation implies that we cannot have p = 0.
Hence the imaginary equation implies that either y = 0 or p = —2x.

If y = 0 then the real part equation becomes:

pr? +p?r+2=0

—22 4+ /24 — 8z

Solving for p gives p = 5 . pis real if and only if 2* — 8z > 0 and = # 0,

x
ie. iff x < 0 or z > 2. This locus is the real (z) axis with the segment 0 < z < 2
excluded.

If p = —2x then we have:
223 422+ 422 +2=0 = PH+ai+1=0

341
= -

This gives y? = —

The picture looks something like this:

To make it clearer, you could put an empty circle on the origin to show that this point
is excluded.

&
Ay
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(@)

%(sin(lnx)) = cos(lnx) x %

d  ogin(ing) 1 osin(ina)
sin(lnz)y _ 9 1 - sin(lnx
dx(e ) cos(na:)xx X e
2 .
= —cos(In x)ezsm(ln‘”)
x

d
(i) Base case When n =1 the conjecture becomes L= 1, which is true (sketch y = z
x
if you must!)

Induction step Assume the conjecture is true when n = k, i.e. we have d—xk =
x

kzF—1. Now consider the case n = k + 1. We have:
d d
& w (m % xk>
=x X ixk+$kx—x
dx dx
= x k" 1 +2Fx1
= ka¥ + 2¥
= (k+1)z"
Which is the result when n = k& + 1. Hence if it is true for n = k then it is true for
n =k + 1 and as it is true for n = 1 it is true for all integers n > 1.

(iii) If f(x) = sinz then we have:

f'(z) = cos(z) = f(0)=

f’(z) = —sin(z) = {’(0)= 0

fO(z) = —cos(z) = O0)=-1
fD(z)= sinz) = fH0O)= 0
fO)(2) = cos(z) = O0)= 1

This means that the first three non-zero terms in the Maclaurin’s expansion of sinz

are:

w

i LA
Slnx:l'—i e
31" 5l
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Hence:

. 0.1 0.1°
sin0.1 ~ 0.1 — TN + B

11 1 1
=01 =X —— X

6~ 1000 ' 12 " 1,000,000
= 0.1 — 0.00016666 - - - + 0.000000083333 - - -
= 0.099833333333 - - - + 0.000000083333 - - -

= 0.099833416666 - - -

So to seven decimal places we have sin0.1 = 0.0998334.
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4 The STEP 3 question

d 1 _1
-— ln(x—i— $2+1))—X<1+1X2$X .%'2+1 2)
df]}'( x+‘/$2+1 2 ( )

1 T
r+ Va2 +1 ( :r2+1)
1 X\/CC2+1+95
x+vVri+1 vl +1
1

= ———— as required.
2+ 1

Since we are going to need the second derivative as well for the base case, lets work it out
here to give:

d2 _3
Tz=—%x2xx (2 +1) 2
xr
. X
(z2 +1)%2

Base case When n = 0 we have:

(z® +1) y@ (2 x 0+ 1)y + 0%y

= (z* +1) o iax
(22 4 1)%? 22+ 1
B x(fc2+1) T
(224+1)%?  Va?+1

=0

Hence the conjecture is true when n = 0. Assume now that the conjecture is true when
n = k, so we have:
(22 + 1) y* 2 4 (2K + Day*HD) 4 k2y®) =0

Differentiating this with respect to x gives:
[((@% 1) 49+ 20y ®2] 4 2k + 1)y @+ 4 2k + 1)y D] 4+ k20D =
(22 + 1) ™) + 20+ 2k + D]y 4 |2k + 1) + K] y*D = 0
(22 +1) y*+3) 4+ [2 + 2k + 1} oy*+2) 4 [k:z okt 1] yk+D) — g

(22 + 1)y 4 20k + 1) + 1 ay®2 4 [k +1)2]y*D = 0

Which is the conjecture with n = k& + 1. Hence if it is true for n = k then it is true for
n =k+ 1 and as it is true for n = 0 it is true for all integers n > 0.

&
Ay
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This result can be rearranged to give:
(22 + 1)y = —(2n + 1oyt — n2y™

and so, if x = 0 we have:

y(n+2) _ _n2y(n) ]

‘We now have:
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(i)  There are different ways you can approach these. Below is one possible set of solutions.
(a) Limit is 0, by (iv). Note that the limits of f(x) and g(x) must be finite.
(b) Limit is 5, by (ii) and (i).
(¢) cosz is continuous, so using (v): tlg)()ao (cos (7)) = cos (tgngo t) cos(0) = 1.

(d) e* is continuous, so we can use (v) to get a limit of 1.

t
(ii) If we consider —, both the numerator and denominator tend to infinity as t — oo, so

we cannot deduce anything about the limit like this. Instead, try:

t
—t,
€ t—g
B t
1+t+8+5+...
1

1 t t2

it 1+ 1 T T
Now as t — oo, The numerator stays as 1, but the denominator tends to infinity hence
lim e % = 0.
t—o00

A useful rule of thumb is that “exponentials always beat polynomials (eventually)”.

(iii) If x = e ! then as t — oo, x — 0. We have:

ii_% (xlnz) = tliglo (e7'In(e™"))

— 1 _4at
N tliglo (~te™)
=0 by part (ii).

1 1
(iv) (a) /lnxda::/ 1 xInzde

1 1 1
:|::L‘><111:L‘] —/a:xdx
T r xr
1
:rlnr—O—/ ldz

=rlnr— [33]1

T

=rlnr—(1-r)

(b) Taking the limit as » — 0, and using the result from part (ii), we have:

1
/ Inzdzr =-1.
0
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6 The STEP 3 question

Don’t forget to do the first bit! This is called the “Stem” of the question and anything proved
or given here is very likely to be useful in the rest of the question.

Setting x = e~! gives us:

lim 2™ (Inz)" = lim ™™ (—t)"

z—0 t—00
= (=1)" lim e ™"
t—o0
=0 using the given result.

lim 2% = lim ¢**?
z—0 x—0
_ elimzﬂo (zlnz)

:eo

Here we have used the “Stem” result with m =n = 1.

(i)
1
In+1:/ 2™ (Inz)" 1 dz
0

- [(;m: 11)

1

1 merl
(lnx)”ﬂ} —/0 D x (n+ 1)(lnx)"ldx

0 m+1) x
1 !
:O—n+ /:L‘m(lnx)"dx
m-+1 Jy
1
_n+ I

m—+1"

Note that the third line used the result from the “Stem” of the question.

Now we have:

= — I,
n m+1n1
_ n » n—1
 om+1 erln_2
_ n o n—l>< n—2x 1 7
o om+1 m+1 m+1 +10
n!
—(—1)"
( )(m—i-l)“o
1 M+l 1 1
Since 10:/ xmdx:[ ] = , we have:
0 m—|—1 0 +1
n!
I, =(-1)" .
n ( )(m+1)n+1
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1 1
/ acxdx:/ N qy
0 0

1 1 2 1 3
_/ <1 + (zlnz) + (= :;1'3:) + (@ ;l'x) —l—) dz
0 . .

1 1 1
1 1
= [az](l)—i— ajlnxdx—i—Q!/O X (Inz)?dz + - [ 2*(nz)dde +...

3!
3

*JO
2 1 .
+ e (_1)3W

1! 1 {
oo o ) e

)

+ ...
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(1)
d 1 x —x :
a(coshac) =5 (¢ —e™") =sinha.
d
—(sinhz) = L (e — (—e™®)) = cosh z.
2

dx

(ii) coshz is an even function (i.e. cosh(—x) = cosh x) and as such it is symmetrical about
the y-axis. The minimum value is when x = 0,y = 1, and it does not cross the x-axis.

sinhx is an odd function, and so it had rotational symmetry about the origin. It
crosses the axes at (0,0) ad the gradient is always positive.

Try using Desmos to check your sketches.

(iii)
coshz + sinhx = (ez + e_z) +
(e" +e7") -

(" —e™®) = ¢

coshz — sinhz = (ex — e_x) =

D= D[
NI N

(iv)

(v) y=-coshx+ ¢, and y =2 when z = 0 implies that ¢ =1 and so y = coshx + 1.

(vi)
% _ sinhy

dz  coshy

/C?Shydy:/ldx
sinh y

In|sinhy| =z +¢

sinhy = Ae”
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8 The STEP 3 question

(1)

(ii)

Using the quadratic formula gives:
—2sinh z + \/4sinh? z 4 4
u =
2

= —sinhx &+ cosh z

—e¥ or e”®

Taking each of these solutions in turn gives:

d d
i or i
y=—-€e"+a or y=—e%4+b
. dy : dy
Since we want y = 0 and F 0 (which excludes I = —e”) at x = 0, we have
x x
y=—e*4+1.

Using the quadratic formula gives:

dy -2+ 4 4 4sinh?y
dz 2sinh y
1+ coshy

sinh y

sinh y
+ [ ———dy= [ 1d
/coshy:Fl 4 / v

+In(coshy F1) =z +c¢

Hence we have:

We can only set y = 0 into — In(coshy + 1), so doing this gives:
—In2=0+¢ = —lIn(coshy+1)=2—1n2
and so:

In(coshy +1) =In2 — =z
coshy+1=2e""
coshy =2e7% —1

Since coshy > 1, y is only defined for x < 0. The asymptotes are what happens as

x — —oo when y — £o0.
Yy — +00 = %ey ~ 2871«

1

—
Yy — —00 = e Y2 =

Therefore the asymptotes are y = +(—x + In4).
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(@)

(a) Base case

(b)

(c)

When n = 1 we have (cosf + isin)! = cos @ + isin 6, which is true.
You could instead show it is true when n = 0.

Inductive step
Assume the conjecture is true when n = k, so (cosf + isin6)* = cos k6 + isin k6.
Now consider n = k + 1:

(cosf +isinB)F+ = (cosf + isin0)* x (cosf + isinh)
= (cos kB +isinkf) x (cos @ + isin0)
= cos kb cos 0 +icos k@ sin 6 + isin k6 cos 6 — sin k6 sin 0
= cos kb cos 0 — sin k6 sin 6 + i (cos k6 sin 6 + sin k6 cos 6)
=cos(k+1)0 +isin(k + 1)0

Therefore if it is true when n = k, it is true when n = k + 1, and since it is true
when n = 1 it is true for all integers n > 1.

2 =1
1 (cosf +isinf)® =1
79 (cos 56 + isin 50) = 1

Then equating real parts gives r° cos 50 = 1 (hence r # 0) and equating imaginary
parts gives 7°sin50 = 0 = sin 50 = 0. This means that cos 50 = 1.

Since r > 0vvemusthaver—18uf1dcos59—1:>c9—0,257r,4gr,6—7r d87r We

therefore have z = cos (2’”) + isin (2’”) for K =0,1,2,3,4. These are the 5 fifth
roots of unity.

We have:

os 50 + isin 50 = (cos 6 + isin §)°
= (cosf)’ +5 x (cos0)* (isin ) + 10 x (cos#)> (isind)? +

Equating real parts gives:
cos 50 = (cos 0)® — 10 (cos 0)? (sin 0)* + 5 (cos §) (sin 6)*

You can then use sin?@ = 1 — cos?§ to write this just in terms of cosf (if you
needed/wanted to).

(ii) Considering (z — a1)(x — a2) ... (v — ap) = 2" + a1 ' + ...ay_17 + a, gives us
a1 X ag X ... X ap = (—1)"a,.

&
Ay
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10 The STEP 3 question
Let z =  + iy, so we have (z +iy)” = 1. The imaginary part of this gives:
728y — 3524y + 212%y° —yT =0
which means that either y = 0 or 725 — 35z%y? + 2122y* — % = 0. It we divide the
second equation by x® and set ¢t = J (where x # 0) we get 7 — 35t% + 21t* — 5 = 0 i.e.
— 21t + 35t2 — 7= 0. ’
Solvmg 2T =1 gives z = e for k = -3,—-2,-1,0,1,2,3.

Here we are taking the argument as lying between —m and 7 rather than between 0 and 2.
The reason for this should become clear in the next few lines.

When k£ = 0 we have z = 1, and so y = 0. The other 6 solutions relate to the roots of
t6 — 21¢* + 35t2 — 7 = 0.

The roots are therefore t = 2 = o (@) = tan (M)
v " oon(zh)
Using a1 X ag X ... X ap, = (—1)"a, gives:
tan (=27 x tan (=27) x tan (=2%) x tan (%) x tan () x tan () = (=1)° x -7
—tan (&) x —tan (%) x —tan (%) x tan (%) x tan (%) x tan (%) = —7
(ban (2))” x (tam (7)) x (tan (%F))" =
tan (27”) X tan (47”) X tan (67”) =47

2

7) is positive, whilst the other two are negative we have:

tan(27”) X tan (47“) X tan(67”) =7

When n = 9, start by considering z? = 1, and the imaginary part of this, which gives:

osty— (et + (2) et (2)eir 440 0

Dividing by z° and setting ¢t = Yy gives either y = 0 or
x

9 9 9
8 — <7>t6+ <5>t4— (3>t2+9:0.

27Tk1

The ninth roots of unity are z = for k = —4,-3,-2,-1,0,1,2,3,4 where k =
corresponds to y = 0. We have:

Then, since tan (

tan (=57) x tan (=07) x ... x tan (&) x tan (&) = (-1)®¥x 9
—tan (8) x —tan (§) x ... x tan (&) x tan (5F) =9
(tan (57))" x (tan ()" x (tan (%)) x (van ()" =9

tan(zér) X tan(497r) X tan(ﬁg) X tan (3) = +/9

Two of tan values are positive and two are negative, so we have:
tan (29”) X tan (45) X tan (69”) X tan (89”) =9

For the final part, follow exactly the same idea, but you will find that tan (2”) and tan (4—7{)

are positive whilst tan (11) tan (?7{) and tan (11017r ) are negative, so we have:

tan (2—’{) X tan (%) X tan (?—’1’) X tan (%r) X tan (110—1”) = —\/ﬁ.

&
Ay
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11  Preparation

(i) This is quite hard. One way of thinking about it is to start by assuming that p; +
P2 + p3 = x. Now if we rotate everything by 120° about the origin then p; — p2 etc,
so that p; + p2 + p3 is unchanged. This means that x stays in the same place after
a rotation of 120° about the origin, therefore x must be at the origin and we have
p1+p2+p3=0.

(ii)
pi1-p1=1 i.e. the radius of the circle
(P1+P2+p3)p1=0p1 =0

(p1 + P2 + p3)'p1 - O — P1.-P1 =+ P2-P1 —+ P3.P1 = O —— P2-P1 + P3.P1 = -1
p2.p1 = p3.p1 (by symmetry) = po.p1 = —3

(iii) (x—p1).(x —p1) =xx —2x.p; +p1.p1 = k* — 2x.p1 + L.

3 3
Z(X —Pi).(x—pi) = Z (K —2x.pi + 1)
=1 i=1
3
=3k —2) xp;i+3
=1
=3k* = 2x.(p1 + P2+ P3) + 3

=3k* +3
(iv) Let p2 = (a,b). Then p2.p; = —% = b= —%. We also have pa.po =1 =
A+ =1 = a= i@. So p2 and p3 are given by (ig,-%).
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Similarly to before we have (p1 + p2 + ps + p4).p1 = 0 and so ps2.p1 + pP3-p1 + p4.p1 = —1.

By symmetry we have p;.p1 = —% for i = 2,3,4 and by extending the argument we have
Pi-Pj = —%-
(i)

4 4

Y (XP)’ = Z(pi.pi — 2p;.X + X.X)

i=1

=1
4
=> (1-2pix+1)

=1

4
—4-2 (Zpi.x> —4
=1

=8—-2(p1 +pP2+PpP3+p4)X
=8—-0=28

(i) pi1.p2= —% = b= —% and popo=1 = d’? 4+ =1 = d? = % and since we

2v/2
are told that a > 0 we have a = \3[ Letting P3 and Py be of the form P; = (p,q,r)

we have:
1
p1pj=—5 = r=-3
1 2v2 1 1 3 V2
P2.P; 3 3p+9 3 p 92 3
1
D=1 = — 2 — =1 = 2:7
P;-Pj 9+q +9 q 3
V2 V21
So P. d P i b —_t—,—— .
o P53 and P, are given y( 3 \/§’ 3

(iii)

4
= Z (pi-pi — 2pi-x + X.X)2
= 2(2 — 2p;.x)*

4
= 24(1 — pi-x)?

(1 - pi.x)?

Il
'.Sa”“
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Simplifying further gives:

4 4
Y (XP) =4 (1-p;x)?
=1 =1
4
— 42 (1 — 2pi.X + (pi.X)2)
=1

4
=4x4-2(p1+p2+PpP3+Ppa)x+ 4Z(Pz’-x)2
i=1

4
=16+4) (pix)°
=1

Substituting X = (z,y, z) and the values of P; found we have:

4
2 2 2
z:(pi.x)2 =22+ (%x — %z) + (—gaz + %y — %z) + <—§x — %y - %z)
i=1
2 2
:,22-1—%.7}2—#.7)24-%224- (%.ﬁ— ﬁy+%z) + (?w—i—ﬁy—l—%z)

2
:,224—%:52—‘19#5624—%224—(?2:0—{—%2) —2(%564—%2)

+
/N
[

8

+
w{\\;—-

_|_

[\)
/
“fS

x +
x2+%xz+%z2> +2x %gf

oo @

=22+ %xz - —4‘9/§xz+ %,22 +2

+

<
[\
—~
Colu
~—

2+ ()
($2+y2+22)

since 2 +y2 + 27 =1

QI Ol

Hence:

4

4
Y (XP) =16+4) (pix)’
=1 =1
=16+4+4 x %

which is independent of x,y and z.
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13  Preparation
(i) The gradient is given by:

@ cosh? z — sinh? z 1

dx cosh? cosh? z

Therefore the gradient is always positive and tends to 0 as * — +o0o. We also have:

X —X
e’ —e
tanhy = ——
et f+e 7

As * — oo we have tanhx — 1 and as £ — —oo we have tanhz — —1. This should
be enough for you to sketch your graph and you can use Desmos to check your sketch.

(ii) First note that cosh? (%) - sinh? (%2) =1and cosh? (%) + sinh? (%) = coshz. We then
get:

fcoshz — 1 -
If$<OWe have m:—tanh(f)

(iii) If y = arcoshz then coshy = x. Differentiating this second equation with respect to x

gives us:

dy

inhy— =1

sinhy -
dy 1
dz  sinhy
vy _ 1
dz \/cosh®y —1
dy 1
dr 22 —1
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(iv)

| e

d 1
To help us integrate directly first note that 1 (mz + 1) 2

Hence:

sinh y

= /sinh ydy

=coshy + k

=Vvat+1+k

X

x
— /2
/ $2+1d1‘— x4+ 1+k.

2 x coshpdy
Nt

= 1 xor x

maths.org/step

(:132 + 1)_%.

(v) A quick sketch of y = x and y = sinz (remember that x is in radians) shows that

x > sin(z) for x > 0.

0.5

We then have:

Pure STEP 3 Solutions

0.5 1 15 2 2.5

X X
/ tdt > / sintdt
0 0
X X
[%tz} > [ — COSs t}
0 0

1

53;2 >1—cosx
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14 The STEP 3 question

(i)  Differentiating tanh (4)with respect to y gives , so the gradient of tanh ()

1
2 cosh? (¥)
is less than or equal to % The graphs look like:

So when y > 0 we have y > tanh (4).
Letting y = arcoshz (which needs = > 1) we have x = coshy and:

z—1 coshy — 1

221 Veosh?y — 1

_ coshy —1

)+1-1
cosh (%)

[\)
wn
.
=
=
[\
ke[

POk BORS [ORS —

- 2sinh
B sinh (
cosh (

= tanh (

~— |l

~— ~—|— o

-1
Then since we have y > tanh (%) for y > 0 we have arcoshz > x271 for x > 1.
2 —
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(ii) Integrating the LHS of (%) gives:

T arcoshx
/ arcosht dt = / 0 sinh 6 d6
1 0

arcoshx arcoshz
- [9 cosh 9} ) _ / cosh 6 do
0

arcoshz

= garcoshz — [sinh 9} .

B arcoshz
= garcoshz — [ cosh” 6 — 1}

= garcoshr — V22 — 1

Integrating the RHS of (x) gives:

T oy arcoshz he —1
/ dt—/ SO~ 2 sinh9dh
1 V2 =1 0 sinh ¢

arcoshz

= [sinhﬁ — 9]0

= +/22 — 1 — arcoshz

Since f(z) > g(z) = [f(z)dx > [ g(x)dz we have:

maths.org/step

using ¢ = cosh 8

integration by parts

using ¢t = cosh 6

zarcoshz — /22 — 1 > /22 — 1 — arcoshx

(x + 1)arcoshz > 2v/ 22 — 1

21
arcoshx>2$7
r+1
1 -1
arcoshx > 2 (w4 1)@ )
r+1

VT—1
vr+1

arcoshz > 2

-1
arcoshz > 2 a:
(x+1)(z—1)
-1
arcoshz > 2 x
2 —1

(iii) Now integrate the result from part (ii). The LHS is as before and the RHS is twice

what it was before. This gives us:

zrarcoshr — V22 —1>2 (\/ 2 —-1-— arcoshac)

(x + 2)arcoshz > 32?2 — 1

2 —1

arcoshz > 3
T+ 2
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15 Preparation

(i) Iff’(z) > 0 then f in increasing and so we have f(z) > £(0) (and for this function this
means f(z) > 0) for z > 0.

(ii) (a) coszesn®
(b) 2z sinh (z?)
(c) f'(z)cosh (f(x))
(d) zt"(z) +f'(x)
(e) 2f'(z)t"(x)

(iii) Integrating (by parts for the first term) gives:

/(Axsinx+Bcosx) dz = [—Axcosx]+/Acosxdx+Bsinx

= A(sinz —xcosz) + Bsinz + k

d
(iv) If we let f(z) =y then d—y = {'(z). We have:
x

/f(m)ef(x)f’(x) dz = /yey dy
=ye! —eV+k
= f(z)ef® — @ 4 i

(v) Considering coshx — 1 we have:

T -z _ 9
coshx — 1= cre -2
2
(ez/2 _ e—a:/2)2
N 2
>0

and hence we have coshz > 1

When asked to show an inequality it is often easier to rearrange and show greater
than or less than 0. There are other ways you can approach this question, including
differentiation to find the minimum point.

Pure STEP 3 Solutions 22 %


https://maths.org/step/

UNIVERSITY OF
) CAMBRIDGE maths.org/step

16 The STEP 3 question

(i) Differentiating E(x) gives:

e =2(i) ()~ (&)
(@) (&2))

Hence E(z) is constant.

d
Since y = 1 and d—y =0 when z = 0 we have E(0) = £ and so

X
dy
4
—9E 2 <1.
Y (7) — <d$>

(ii) Differentiating E(x) gives:

dE dv d?v
— =2 — —_— 2sinhv | —
dz (dm) (dx2> +asim v< x>
dv d%v
=2 — — inh
() (i +some)
dv dv
—92( = -
(dx) ( xdx)
dv\ 2
= -2
()
E
. i <0 forx >0
dx

We now know that E(z) is decreasing for > 0, so we have

E(x) < E(0) = 0% + 2cosh (In 3)

Since 2 cosh (In3) = e3 + e~ 13 = 1) we have:

dv\? 1
E(a:)z(dj;) +2coshv<30

5

3 as required.

and hence coshv <

(iii) Here you are left on your own. Comparing to the previous parts suggests that it would
be a good idea to consider an “E(x)”.

2

d
Let E(z) = <dw> + 2(wsinhw + coshw). We can find this by comparing to the
x

other two functions — the first term is the square of the relevant derivative and the
last term is twice the integral of the last term in the given differential equation.

&
Ay
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Differentiating E(z) gives us:

2
% =2 <i:) (i;;) + 2 (2sinh w + w coshw) <31;)>

d d?
= 2% <dw1§ + 2sinh w + w cosh w>
d d
= 2£ <—(5 coshx — 4sinhz — 3)(;:)

2
S (?) x 2(5coshz — 4sinhx — 3)
x

Considering the last set of brackets here we have:

2(5coshx — 4sinhx — 3) = 5(e” +e %) —4(e* —e ) — 6
=e"+9% " -6
=e " (e2JU — 6e” 4 9)
= (e —3)%>0
Hence we have E/(z) < 0. We also have E(0) = 3 +2 = 5, and so E(z) < 5 for z > 0.

This gives:

2
<jw> + 2(wsinh w 4 coshw) <
x

=] ot N Ot

w sinh w + coshw <

and as wsinhw > 0 (since if w < 0, sinhw < 0 etc) we have coshw < 2 as required.
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