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1 Preparation

(i) Since 0 < 0 < § we know that cos 6 and sin 6 are both positive. You can sketch a right-
angled triangle with adjacent length 12 and opposite length 5. This gives cosf = %
and sinf = %

sin 0
cosf’

Another approach is to use sec?f = 1 + tan 6 and tanf =

(ii) (a) You should have a diagram looking something like this:
R

P is the “Pulling force” and F;. is the friction. At the point of moving we have
F. = uR = 0.7R. Resolving forces parallel and perpendicular to the slope we
have:

R = Mgcos30° = 100v/3
P =F, 4+ Mgsin30° = 70v/3 + 100

(b) In this case the P and F, forces reverse their direction. Here we have
P = 70v/3 — 100. Note that is is smaller to the answer to part (b), which is what
we should expect!

(iii) Since the string is light and in-extensible, and the pulley is smooth then the tension (7°)
is the same at both ends of the string. Since my > mg, my will start moving downwards
and mg will start moving upwards. They will move with the same acceleration, a
(remember, the string is in-extensible). The equations are:

mig — T = mia

T —mog =moa —
mi1 — M2
my + m2

This answer seems sensible, the greater the difference between the two masses, then
the greater the acceleration, and the greater the combined weight of the system then
the slower the acceleration.
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2 The Mechanics question

This is the diagram with the forces added:

The plane with A on is inclined at angle § = arctan 2—74, ie. tanf = %, and so we have

infh — L _ 24
sinf = 5 and cosf = 55 -

The plane with B on is inclined at angle ¢ = arctan%, i.e. tang = %, and so we have
sin ¢ = % and cos ¢ = g

(i)  Resolving perpendicular to the slopes gives:

24
A: RA:5mgcosez5mg><%
B RB=3mgcos¢=3mgx§

Resolving up the slopes for A and B, and upwards for P, we have:

A: T =F4+5mgsind
24 7
= bmgp X %+5mg>< %

B : T = Fp+ 3mgsin¢

3 4
=3Imgp X — +3mg X —

5 5
P: 2T'=Mg
Rearranging the first two equations gives:
5T = 24mgp + Tmg (1)
5T = 9mgu + 12mg (2)
Then (1) — (2) gives:
15mgp = 5mg
1
=3

Substituting back we have:

1
5T = 24mg X 3 + Tmg
5T = 15mg
T =3mg

and since Mg = 2T = 6mg we have M = 6m.
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(ii) Since when M = 6m we had A and B on the point of moving up the slopes, when
M = 9m they will be moving up the slope! A little bit of thought is needed here. If A
goes up the slope by 5cm and B goes up by 3cm then P will go down by %(5—}—3) = 4cm.

In a similar way we have ap = % (aa+ap).

The equations of motion are:
24 7
A: bmag =T —5mgu X 2—5—5mg>< %
8 7
5 =T—-mg— -
maz 5mg 5mg
5mayg =T — 3mg

4
B: 3maB:T—3mg/uL><§—3mg><f

5 5
3 12
3map =T — gmg — gmg

3map =T — 3mg
P Map = Mg —2T
9map = 9mg — 2T

(4)

()

(3) — (4) gives bmay = 3mag i.e. ap = 3a4. Using (3) and ap = § (aa + ap) in (5) gives:

Sm(aa +ap) =9Img — 2 (5maa + 3mg)
9a4 4+ 9ap = 189 — 20a4 — 12¢g
9a4 +9 X %aA =69 — 20a 4

44CLA = 6g

39

ap = —=

47 2

5 2
We then have ap = g X a4 = % and aP:%(aA"f‘aB) = 1;(17
2010 S1 Q10

3 Preparation No questions to answer here!
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4 The Mechanics question The velocity of the particle is given by:
r= (et cost —e' sint) i+ (et sint + e cost)j .
If the angle between the displacement and velocity is 6 then we have:

r-r=|r| x |r| X cosf

e?t cos?t + e2tsint = e x V2! x cosf

cosf =

f =

~a g

The acceleration is given by:

t

r= (e cost —e'sint —elsint — etcost)i+ (etsint—i-etcost—i-etcost —etsint)j

= (—2et sin t) i+ (2€t cos t) J
We then have:

r-t = —2e? costsint + 2e* sint cost
=0

and so r and ¥ are perpendicular.

To sketch the path, I would start by plotting a few points (which is rather unusual for a
STEP question!). We have:

=0 particle at (1,0)

= particle at (O,e“/z)

t
t=3
t =m particle at (—e”,0)

-25 -20 -18 -10 5 0 -] 10

Mechanics STEP Solutions 4


https://maths.org/step/

3 UNIVERSITY OF
’ CAMBRIDGE maths.org/step

Note that since the z component of the velocity is equal to e’ (cost —sint) then this is
positive for 0 <t < 7, and so x is increasing in this range.

If Q is T seconds behind P, then the position of () at time ¢ is given by:
rg = ("L cos(t —T))i+ (e Tsin(t — 7)) j
We then have:

rp—1g = (e’ cost)i+ (e'sint)j— [ (et_T cos(t —T)) i+ (et_T sin(t — T)) J]

The distance squared between P and @ is:

lrp —rgl* = (e’ cost — =T cos(t — T))2 + (e'sint — T sin(t — T))2

= e {(cost —e Teos(t — T))2 + (sint — e Tsin(t — T))Q}
— o[ cos?t — 267 cost cos(t —T) +e 2T cos?(t — T)
+sin?t — 2e Tsintsin(t — T') + e 2L sin?(t — T)}

— e[l 42 Qe_T(costcos(t —T) +sintsin(t — T))}

= e[1 462" — 2677 x cos [t—(t—T)

=2t [1 +e 2T — 927 T cos T]

This means we have [rp —rg| = e!v/1+e 2T —2e~TcosT, and since T is a constant the
distance is proportional to e’.
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(i)  Since the rods are equal, the centre of mass will be the mean of the two individual
centres of mass. The centre of mass is at:

272

(O,a)—zk(a,O) B (a a)

If the masses of the two rods were different then you would need to find the weighted
mean. There are some useful topics notes in the STEP 2 Mechanics module.

(ii) Your diagram should look something like this:

C
..A. G
a2
B™"n x 3072 A
From this we have:
a
tan BGX = % =1
2
3a
tan AGX = % =3
2
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(iii) Your diagram should look like:

C

o

You can see that o« = /BGX + LZAGX.

tana = tan(BGX + AGX)
tan BGX + tan AGX

1 —tan BGX x tan AGX
1+3
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6 The Mechanics question

First thing to do is to find the centre of mass. The wire is uniform and the 3 sides are equal

length (length 2a say), so the centre of mass of each side is in the middle of each side. Let
the point B be at (0,0).

The centre of mass of whole wire is:

(a,0) 4+ (0,a) + (a,2a) _ (a ga)
3 ’ 3

From this diagram we have:
2a
tan BGX = =— =
a

tan AGX =

[SSIIESN
= [

Then if the angle between the two directions is 6 we have:

tan @ = tan(BGX + AGX)
_ tan BGX + tan AGX
1 —tan BGX x tan AGX
2
_ 3713

- 2, 4

and so the angle between the directions is § = tan—! 18.
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(@)

(ii)

Since the particle is moving on a smooth horizontal plane, gravity has no part to play.

Z = F/m and § = 0. Therefore the position of the particle at time ¢ is given by
x = ﬁFz‘? 4+ ucosat and y = usinat.

(a) If « = —7 then © = ;~Ft? —ut and y = 0, i.e. the particle moves in the x
direction only. It returns to the origin when t = %T“
(b) If a = —%7‘(‘ then z = ﬁFt2 — %ut and y = —%ut. It returns to the y-axis

when x =0, i.e. t = @

(c) fa= %7‘1’ then z = ﬁth and y = ut. It reaches the line y = = when ﬁth = ut

: _ 2mu
Le. t = .

Equating coefficients in g sin 20+ f cos 20 = Rsin(20+/) = Rsin 26 cos f+ R cos 20 sin 3
gives Rcosf3 = ¢g and Rsinf3 = f. We then have R? = f? + ¢ and tanf = 5.

Therefore:
gsin26 + fcos20 = \/f2 + g%sin (20 + tan™? (5))

and the maximum value is /2 + ¢2.
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The Mechanics question

Here gravity does play a part! If x is the horizontal distance northwards and y is the vertical
distance then we have & = —f and § = —¢g. Integrating and using the initial velocity gives:

T = —%ft2+u0050t

Y= —%th + usinft

2usin g
The projectile lands when y = 0, so when ¢t =T = i

. Substituting this into x gives:

2usin 6 2 2u sin @
OA:—% X ( us ) + ucos @ x ush
g g

2u? sin 6
:%(QCOSQ—fsiHQ)
g

(i)  If the wind starts to blow the projectile back towards O before it lands at A then we
need ¢ < 0 for some t < T

<0
— (ucosf — ft) <0 forsomet<T
= ucosf < ft
—
—

2u sin 0
ucosf < f x us

g
tanf > —
an Qf

Therefore if o = tan™! %) we have the projectile being blown back towards A as
long as 6 > «.

(ii) We have:

2u? sin 45°
OB = L;“5(gcos45°—fsin45°)
g
2
u
:gﬁ(g—f)
and:
w2
OA:—z(Qgcosﬂsin9—2fsin29)
g
w2
= g—z(gsin%—l—fcos%—f)
u? ,
= 5 (VP +ePsin(2045) - f)
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where tan g = 5. The maximum value of OA is Z—i (\/f2 +9% - f) and so we have:

OB _ Y (g— 1)
04 L (VP+d-1)
g—rf

T VPref

The horizontal and vertical distances for the second particle are given by:

12, Ut
r=—5ft"+ —=
2+ 5

ut
y=—dot+ L

So if f = g then the particle stays on the line y = x throughout the motion. In
particular, when it lands it lands at the origin (where it was fired from, i.e. OB = 0).
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(i) If tan® = 3 and 6 is acute then drawing a right-angled triangle will show you that
cosf = % and sinf = %
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10 The Mechanics question
Your diagram might look like this:

«A

Here the forces acting on the particle are orange and the forces acting on the wedge are
purple. T have called the acceleration of the wedge A. You could instead draw two different
diagrams, one showing the forces and accelerations for the particle and one showing the
forces and accelerations for the wedge.

(i)  Resolving horizontally (and taking “to the left” as the positive direction) gives:

wedge :  kmA = Rsinf — F cos6

particle: mA —macosd = Fcost — Rsin6

Adding these gives:

acosf
E+1-

If P is descending at an angle of 45°, then the magnitude of the horizontal and vertical
components of the acceleration of P must be the same. This means we have:

kmA+mA—macosf =0 — A=

asinf =acosf — A

0
dsinf = dcosb — ﬂ;ﬂcisl
sin 6 o 1
cosfh k+1
k+1-1 k
tanf = +

E+1  k+1

If K =3 we have tanf = % and so sinf = % and cosf = ‘—é.

Resolving vertically for the particle gives:

masind = mg — F'sinf — Rcosf

3 _ _ 3 _ 4
maXi=mg—puRxs—-RXz

3ma = 5mg — 3uR — 4R
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The horizontal equation for the wedge gives us:

kmA = Rsinf — F cosf
acosf
k+1
%xmaxézgR—guR
3ma = 3R — 4uR

_ 3ma

34

km x = Rsinf — pRcos

Substituting into our vertical equation for the particle gives:

3ma =5mg — (3u+4)R

4
3ma—5mg—?mg(fljl:)
3a(3pu+4)
3a + 34, =3¢
3—4p+3u+4
=5
3a( 3—dp > I
Q296 —4p)
3(7— )
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(ii) Using the horizontal equation for the wedge, and taking F' = pR (i.e, assuming the

wedge — and particle — are moving) we have:

kmA = Rsinf — F cosf
= Rsinf — pRcos6
= Rcosf (tanf — p)

Hence if tan 8 < p this implies that the acceleration of the wedge will be zero, and the

acceleration of the particle will be zero, i.e. it doesn’t move.
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