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STEP 3 Hyperbolic Functions Topic Notes

Definitions coshz — % (e:v + e—w)

sinhz = 1 (ex - e_f”)

2
sinh x et —e™ "

tanhz = =
coshr et +e 2
1
sechx =
cosh x
1
cosechx = —
sinh z
1 et +e*
cothx = =

tanhx €% —e 7

Graphs and ranges

The graphs can be sketched by using your understanding of e, odd/even functions etc. For
example:

coshz is an even function (as cosh(—z) = coshx) and so it is symmetrical in the y-axis. It passes
through (0,1) and as * — £o00, y — 0o0. You can also use Desmos to sketch these.

We have: 1 <coshr < o0

—00 <sinhz < oo
—1 <tanhz <1

Relationship with sin/cos

cosz = 1 (e +e7'¥) = cosh(iz)
cos(iy) = 3 <612y +e i2y) = cosh(y)

sinz = 4 (e —e ) = lsinh(iz) = —isinh(iz)
sin(iy) = & <e12y — e_i2y) = —1sinh(y) = isinh(y)

Inverse hyperbolics'
arcoshz = cosh ™'z = In (:c 1) forx>1
arsinhz = sinh™!' 2 = In (:c + 1)
1

artanhw—tanhla;—éln< +x> for |z| < 1

You can find the inverse of cosh z by setting % (ey + efy) = z and then solving to get y in terms of . The other

inverse functions can be found in a similar way.
0
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cosh?z —sinh?z =1
sinh 2z = 2sinh x cosh x
cosh 2z = cosh?  + sinh?
2tanh x
1+ tanh? z
cosh2z = 2cosh?z — 1 =1+ 2sinh’®

tanh 2z =

1 — tanh? z = sech®z

coth?z — 1 = cosech? z

cosh(A + B) = cosh A cosh B + sinh Asinh B
sinh(A + B) = sinh A cosh B £ sinh B cosh A

tanh A + tanh B
tanh(A + B) =
anh( ) = T tanb Atanh B

Note that the identities for sinh 2z, cosh 2z, tanh 2z can be derived from the identities for sinh(A+B)

etc.

You can use Osborn’s Rule to covert trigonometric identities written in terms of sine and cosine
into a corresponding hyperbolic identity. Essentially you replace any sin® 6 with — sinh? 6.

Maclaurin’s Series

tanh ™

. .733 5[,‘5 $21"—}—1

smha::x—i—ﬁ—i—g—i—...—i—m—l—... for all z
o R 22T

coshx:1+§+1+...+(2r)1+... for all z
o B p2r+1

Calculus

— sinhz = cosh z

T
d .
P coshx = sinh x
T
d 2
1 tanh x = sech” =
T
1
—sinh g = ———
dx V1 + 22
1
— cosh™lax =
P cos T =
d 1
— tanh 'z =
dz amt o r= T — x?

d
Note that you can find — cothx by using the quotient rule. The chain rule can be used to find

the derivatives of sech z and cosech z.

&
Ay
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/sinhxdx =coshz + k&
/coshxdw =sinhx + k&

tanh z dz = In (coshz) + k

1 — -1 (* 2 _ 2
/mdx—cosh <E>+k or 1n<:c+ x —a)—i—k forx > a
1
/mdw—sinh_l (g)‘i‘k or ln (.’L"i‘ x2+a2>+k
1 1 1
/22dac:ta1r1h_1 <E +k or —In ot +k for|z|<a
a® —x a a 2a a—=x
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