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Section A: Pure Mathematics

1 Find all real values of x that satisfy:

(i) V322+1+Vx—20—-1=0;
(i) V3r24+1-2yz+2—-1=0;

(i) V322 +1-2Vz—a2+1=0.

2 Prove that, if |a| < 2v/2, then there is no value of = for which
22 —alz|4+2<0. (%)

Find the solution set of (x) for « = 3.

For a > 21/2, the sum of the lengths of the intervals in which x satisfies (x) is denoted by S .
Find S in terms of a and deduce that S' < 2« .

Sketch the graph of S against «.

3 The curve C has equation
y=az(x+1)(z—2)%

Determine the coordinates of all the stationary points of C' and the nature of each. Sketch C.
In separate diagrams draw sketches of the curves whose equations are:

(i) ¢ =a2(@@+1)(z-2)";

(i) y=22(22+1)(2® —2)*.
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(i)

(i)

Figure 1 Figure 2

An attempt is made to move a rod of length L from a corridor of width « into a corridor
of width b, where a # b. The corridors meet at right angles, as shown in Figure 1 and
the rod remains horizontal. Show that if the attempt is to be successful then

L < acoseca+ bseca ,
where o satisfies

a
tan® o = — .
b

An attempt is made to move a rectangular table-top, of width w and length [, from one
corridor to the other, as shown in the Figure 2. The table-top remains horizontal. Show
that if the attempt is to be successful then

I < acosec B+ bsec 8 — 2w cosec 203,

B a —btan3 cos
v 1 —tan? ’

where (3 satisfies

5 Evaluate fgxsinxdx and fgra:cosmdx.

The function f satisfies the equation

fit) =1t + /O7r f(x)sin(z + t)dz . (%)

Show that

f(t) =t + Asint 4+ Bcost,

where A = [ f(z)coszdz and B = [ f(z)sinzdz .
Find A and B by substituting for f(¢) and {(x) in (x) and equating coefficients of sin ¢ and cos ¢ .
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6 The vectors a and b lie in the plane II. Given that |a| = 1 and a.b = 3, find, in terms of a
and b, a vector p parallel to a and a vector q perpendicular to a, both lying in the plane 1T,
such that

p+gq=a+b.

The vector c is not parallel to the plane IT and is such that a.c = —2 and b.c = 2. Given that
|b| =5, find, in terms of a, b and c, vectors P, Q and R such that P and Q are parallel to p
and q, respectively, R is perpendicular to the plane IT and

P+Q+R=a+b+c.

7 The function f is defined by

f(x) =2sinx — z.

Show graphically that the equation f(z) = 0 has exactly one root in the interval [%w, m|. This
interval is denoted Ij.

In order to determine the root, a sequence of intervals I, I, ...is generated in the following
way. If the interval I,, = [ay, by], and ¢, = (a, + by)/2, then

[an,cn] i f(an)f(c,) <0;
[en, bn] if f(cn)f(by) < 0.

In—l—l =

1
By using the approximations —= ~ 0.7 and = ~ /10, show that I = [, S«] and find I3.

V2

8 Let = satisfy the differential equation

dz
dt

_ (1 B xn)l/n

and the condition x = 0whent =0.

(i) Solve the equation in the case n = 1 and sketch the graph of the solution for ¢ > 0.

(i) Provethatl —z < (1 —a?)Y/2for0 <z <1.
Use this result to sketch the graph of the solution in the case n = 2 for 0 < ¢t < 3,

using the same axes as your previous sketch.

By setting = = siny, solve the equation in this case.

(iii) Use the result (which you need not prove)
1—a)H)? <@ =23 for 0<az<1,

to sketch, without solving the equation, the graph of the solution of the equation in the
case n = 3 using the same axes as your previous sketches. Use your sketch to show
that z = 1 at a value of ¢ less than Jr.
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Section B: Mechanics

10

The base of a non-uniform solid hemisphere, of mass M, has radius r. The distance of the
centre of gravity, G, of the hemisphere from the base is p and from the centre of the base is
V' P? + ¢2. The hemisphere rests in equilibrium with its curved surface on a horizontal plane.

A particle of mass m, where m is small, is attached to A , the lowest point of the circumference
of the base. In the new position of equilibrium, find the angle, «, that the base makes with
the horizontal.

The particle is removed and attached to the point B of the base which is at the other end of
the diameter through A. In the new position of equilibrium the base makes an angle 5 with
the horizontal. Show that

_ 2mMrp
TMZ(pE A @) —m22

tan(a — ()

In this question take g = 10ms—2.

The point A lies on a fixed rough plane inclined at 30° to the horizontal and ¢ is the line of
greatest slope through A. A particle P is projected up ¢ from A with initial speed 6ms~1.
A time T seconds later, a particle @ is projected from A up ¢, also with speed 6ms~!. The
coefficient of friction between each particle and the plane is 1/(5+/3) and the mass of each
particle is 4kg.

() GiventhatT < 1+ ./3/2, show that the particles collide at a time (3 —/6)b+ 1 seconds

after P is projected.

(ii) InthecaseT =1+ 4/2/3, determine the energy lost due to friction from the instant at
which P is projected to the time of the collision.
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11

The maximum power that can be developed by the engine of train A, of mass m, when
travelling at speed v is Pv3/2, where P is a constant. The maximum power that can be
developed by the engine of train B, of mass 2m, when travelling at speed v is 2Pv*/2. For
both A and B resistance to motion is equal to kv, where & is a constant.

For ¢t < 0, the engines are crawling along at very low equal speeds. At ¢ = 0, both drivers
switch on full power and at time ¢ the speeds of A and B are v, and v, respectively.

(i) Show that
p2? (1 _ efkt/Zm)z
UA = k2

and write down the corresponding result for v,;.
(ii) Findv, and vy when 9v, = 4v, .

(iii) Both engines are switched off when 9v, = 4vj, . Show that thereafter k*v?, = 4P%v, .
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Section C: Probability and Statistics

12

13

Sketch the graph, for z > 0, of

ax2

y = kxe *" |
where a and k are positive constants.
The random variable X has probability density function f(x) given by

kxe=**  for 0 <z<l1
f(z) =

0 otherwise.

2a

e—a

Show that k£ = 1

a<ianda>1.

and find the mode m in terms of a, distinguishing between the cases

Find the median A in terms of ¢ and show that h > mifa > —In (2e—1/2 -1).
Show that, —In (2¢71/2 — 1) > % . Show also that, if a > —In (2¢"%/2 — 1), then

2e1/2 _gma 1
1—e@

P(X>m|X <h)=

A bag contains b balls, » of them red and the rest white. In a game the player must remove
balls one at a time from the bag (without replacement). She may remove as many balls as
she wishes, but if she removes any red ball, she loses and gets no reward at all. If she does
not remove a red ball, she is rewarded with $1 for each white ball she has removed.
If she removes n white balls on her first n draws, calculate her expected gain on the next
b—r
r+1°
Hence, or otherwise, show that she will maximise her expected total reward if she aims to
remove n balls, where

draw and show that it is zero if n =

. b+1
= the integer part of —— .
" gerp r+1

With this value of n, show that in the case » = 1 and b even, her expected total reward is
,%b, and find her expected total reward in the case » = 1 and b odd.
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14

Explain why, if A, B and C are three events,
P(AUBUC)=P(A)+PB)+P(C)—P(ANB)—P(BNC)-P(CNA)+P(ANBNC),

where P(X) denotes the probability of event X.

A cook makes three plum puddings for Christmas. He stirs r silver sixpences thoroughly into
the pudding mixture before dividing it into three equal portions. Find an expression for the
probability that each pudding contains at least one sixpence. Show that the cook must stir
6 or more sixpences into the mixture if there is to be less than % chance that at least one of
the puddings contains no sixpence.

Given that the cook stirs 6 sixpences into the mixture and that each pudding contains at least
one sixpence, find the probability that there are two sixpences in each pudding.



